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Abstract We study quantum correlations and discord in a bipartite continuous variable hybrid system formed by linear combinations of coherent states |α and single photon added coherent states (SPACS) of the form |ψ dp(pa) = N / √ 2(â † |α a |α b ±b † |α a |α b ). We stablish a relationship between the quantum discord with a local observable (the quadrature variance for one sub-system) under the influence of scattering and phase fluctuation noise.
For the pure states the quantum correlations are characterized by means of measurement induced disturbance (MID) with simultaneous quadrature measurements. In a scenario where homodyne conditional measurements are available we show that the MID provides an easy way to select optimal phases to obtain information of the maximal correlations in the channels. The quantum correlations of these entangled states with channel losses are quantitatively characterized with the quantum discord (QD) with a displaced qubit projector. We observe that as scattering increases, QD decreases monotonically. At the same time for the state |ψ dp , QD is more resistant to high phase fluctuations when the average photon number n 0 is bigger than zero, but if phase fluctuations are low, QD is more resistant if n 0 = 0. For the dp model with scattering, we obtain an analytical expression of the QD as a function of the observable quadrature variance in a local sub-system. This relation allows us to have a way to obtain the degree of QD in the channel by just measuring a local property observable such as the quadrature variance. For the other model this relation still exists but is explored numerically. This relation is an important result that allows to identify quantum processing capabilities in terms of just local observables.
Introduction
Quantum entanglement as a measure of non-separability of multipartite quantum states and its dynamics have been widely studied, both theoretically and experimentally, and is identified as a key resource for quantum information processing (QIP) [1, 2] . Most applications of entanglement have been proposed in the discrete variable (DV) regime, in which they require highly precise detectors and demanding experiments [3] . Despite these difficulties, the entangled systems involving different degrees of freedom deserve special mention. For example, in the works of Mirza, and Mirza and Schotland [4, 5, 6] , the dynamics of entanglement generation for atom-cavity arrangements are studied, the authors demonstrate that by mediating the coupling strength between systems, number of interacting atoms and excitation decay rates, entanglement among the different degrees of freedom of the involved systems can be controlled. Systems involving photonic subsystems and other parties of different nature entangled are of great importance, since these kind of states could be used to exploit QIP capabilities of different technologies with an easy integration in the already existent optical fiber network [7] . Experimental implementations of light-matter entangled states have already been made, for example entangling photons with solid-state qubits [8] , single photons with single trapped atoms [9] , polarization states of single photons with a single ion [10] , and many other implementations that can be found in the references therein. On the other hand, continuous variable (CV) QIP has been recently explored [11] , which at least makes detection experiments easier with the cost that the experimental complexity to generate those CV entangled states increases in comparison with DV set ups [12] . To exploit the advantages of CV-QIP research in the hybrid CV-DV regime has also been made, as shown, for instance, in [13] where a CV channel is used to encode and teleport a discrete variable, and [14] where a light pulse is teleported through an entangled atomic ensemble. All these entangled states with systems of different degrees of freedom have potential applications in quantum communications protocols (QCP), and in general in QIP.
Even though entangled states are necessarily non-separable, there exists some separable states that exhibit non classical correlations [15, 16, 17] and have proven usefulness as resources for QIP and quantum communications. Quantum discord (QD) is a known measure to quantify these correlations with no classical counterpart. QD quantifies the difference between mutual quantum information and classical correlations (CC) [16] . Mutual information measures the amount of knowledge that can be gained by measuring one of the parties regarding the other in a bipartite system, i.e., the non classical correlations between them. CC are generated by the measurement projection on one subsystem and its effect on the other. QD is a proven resource to remote state preparation, with more importance than entanglement [18] , and has also been studied to quantify the 'quantum advantage' of one state over some others [15] when the state is used in a QCP. In a similar context, has been shown that for multiparty systems, the solely interaction with the environment can generate QD, i.e., the noise can create non-classical correlations [19] . The experimental characterization of QD in DV systems can be overcome with the use of density matrix reconstruction techniques and further evaluation of QD, which has been applied for instance, to estimate QD for polarization qubits obtained by a non-linear crystal under the influence of noise [20] . The time dynamics of QD differs from the ones of quantum entanglement, and result of great interest since all systems are immersed in a decoherent medium [21, 16] . In this respect, we can find recent studies about experimental dynamics of QD in optical, solid-state spin and nuclear magnetic resonance systems [22] . Particularly for optical systems, where interactions are well controlled, the dynamical behavior of QD has been used to study transitions between classical and quantum correlations [23] . In the CV regime has been proven that quadrature measurements could be used as a tool for experimental verification of QD in Gaussian and certain non-Gaussian states [24, 25] . In this paper we study non-classical indicators for bipartite systems composed by CV and DV parties. Given the hybrid structure of the states under study with loss mechanisms of scattering and phase fluctuations the correlations are better characterized with a quantitative QD based indicators instead of the quantum entanglement alone [26] .
A coherent state (CS) is a CV state that can be easily generated by a laser and its classical properties are well known. Universal quantum computing with CS was proposed by Jeong et. al. [27] with potential applications in communications. But, it relies on coherent entangled states, which are difficult to generate experimentally [28] . On the contrary, it is possible to obtain a hybrid entangled state (HES) formed by a linear combination of CS and another non-classical state. Fock states |n as purely quantum, are considered the most non-classical states. A single photon added coherent state (SPACS) is generated by the single application of the creation operator over a coherent state ∝â † |α , and has combined properties of a classical and a non-classical state. SPACS where first proposed by Agarwal and Tara [29] and where experimentally obtained later by the interaction of a CS with a non-linear crystal [30] , and also are useful to study the transition between classical and quantum domains. SPACS are also characterized by a negativity in the Wigner function, which is a signature of non-classicality [31] . Therefore, its use to generate bipartite entangled states through linear optics as a beamsplitter is also feasible [32] .
An example of HES was proposed by [33] , where they combined CS with Fock states in a beamsplitter producing a superposition of displaced Fock states (DFS) and CS obtaining the wavefunction |ψ = 2 −1/2 (D(α) |1 |α − |1 D (α) |1 ), which is equivalent to a superposition of SPACS with CS in the form |ψ = 2 −1/2 (â † |α |α −b † |α |α ). We name this superposition as displaced fock (dp) state in the text. It is this implication what gives origin to the study of states of the form |ψ pa(pd) =â † |α |α ±b † |α |α (up to a normalization constant), with correlation properties oriented to quantum communication applications. We name the positive superposition as photon added (pa) state, as it can be generated with a SPACS and a beamsplitter (BS). The states under study can be easily produced experimentally by means of linear operations with a nonlinear process required only for the photon addition part. Photon addition is an interesting process itself as it is part of non-Gaussian operations applied in quantum information with continuous variables [34] . Photon addition operations have been also used in a systematic method to generate entanglement between subsystems of CS and single Fock states, as proposed and experimentally demonstrated by [35, 36] .
The superposition of SPACS and CS is of special interest given their hybrid nature between classical and quantum systems as CS represent a completely classical system, and the SPACS can act as a classical state when the average photon number is big enough, or quantum if the average photon number is low [30, 31] . The entanglement between these two degrees of freedom enables the proposition of these states as a suitable option to be explored for QIP in an also hybrid CV-DV regime. This is also reinforced with the experimental demonstration of SPACS, and its use in studying transitions between classical and quantum states.
A possible application of this bipartite correlated channels is in quantum communications. Quantum communications lie on the establishment of a protocol that requires the selection of a set of distinguishable measurements under a suitable strategy. Quadrature measurements result as a first option to consider when compared to other communication protocols [37, 38, 39] . Quadrature measurements are directly obtained by means of homodyne detections (HD) methods, which are standard in quantum communication protocols as well.
A first approach for a pure bipartite system, that one can use is the Joint Quadrature Probability (JQP) distribution, which is obtained by a simultaneous measurement of the quadrature of the bipartite state and its statistics. The use of JQP is initially proposed for its simplicity, and even though it can not show directly the amount of quantum correlations, it is useful in the sense that it indicates the existence of some correlations in the bipartite state used. Later, if some degree of correlation is found, other techniques can be used to remove the classical contribution and to obtain a quantitative characterization. By using HD projectors of the field, correlations can be characterized by ameliorated measurement induced disturbance (AMID) [40, 41] . AMID is the difference between mutual quantum information (MQI) and classical correlations (CC) when both subsystems are simultaneously measured and then it is minimized through all possible measurements. It can be understood as the maximal entropic cost of any possible measurement given a complete set of measurements. If the optimization process is disregarded, then a more relaxed form called measurement induced disturbance (MID) is obtained [42] .
It also plays an important role when defining behavior of correlations given a projective measure.
It is important to note that the mechanisms to obtain non-classical features described above are only used in the pure channel because they are proposed as a semi quantitative tool to characterize states being prepared in a laboratory, i.e., as the experiment is set, the bipartite generated state must be evaluated prior to its utilization as a quantum channel. At this stage, the bipartite state is ideally not subjected to noise, or at least to minimum sources of noise, as it presumably remains in a controlled environment. In this paper we study two different superpositions of bipartite SPACS, for which JQP and AMID are good candidates to partially characterize its correlations properties, and to differentiate one from the other. Once the bipartite correlated state is generated, then it could be used as a quantum channel and resource for QIP. At this point, we introduce two common effects of noise in the channel, which are scattering and phase fluctuations, both of which affect the classical and quantum correlations of the channel, and therefore its QD. In this scenario we evaluate the QD in order to assess quantitatively the quantum properties of the channel. However, QD measures are not simple to do and we ask ourselves whether it is possible to use an easily accessible observable to determine the amount of QD of the channel when it is subjected to noise sources. It is found that the quadrature fluctuation (∆X) 2 of a subsystem, which can be measured in any experiment, could be a good estimator of QD for these channels. Therefore we plan to compare QD with this observable for the proposed channels to evaluate its functional relation.
In summary, the aim of this study is to quantify the non-classical signatures of bipartite superpositions of SPACS, that could be used as a channel intended to establish quantum communication protocols. Specially, we study how the channel is affected by loss mechanisms and the impact of these mechanisms on the quantum correlations of the bipartite state. Our work can be divided in two main parts: the generation of the bipartite states formed by two different superpositions of SPACS with its qualitative characterization and the later quantification of QD with an easily accessible observable as described above. This paper is organized as follows. In the introduction, brief descriptions of the non-classicality measures such as simultaneous homodyne detections, QD and MID are addressed. In section two, the model under study is fully described, first in a general scheme to create the states and second, the bipartite channel in a communication scenario is outlined, where one of the parties is kept local by Bob and the other one is sent to a distant place where Alice is located, subjected to loss mechanisms of scattering and phase noise. Section three includes a discussion of the obtained results of the correlations study and Alice's information gain given possible manipulations performed by Bob, whereby, QD from B to A is characterized, and its parametrized version to quadrature variance is estimated. Finally, conclusions of the study and comments for future work are included.
Quadrature conditional probabilities
HD consist on mixing a field signal to be measured, generally of low intensity, with a strong signal of the same frequency known as the local oscillator (LO) by means of a BS whose output photocurrent are subtracted and proportional to the quadrature operator [43, 44] 
where {â † ,â}({b † ,b}) are photon creation and destruction operator for the corresponding subsystem A(B), at the phase λ A(B) of the LO.
A simple communication strategy between two parties (Alice and Bob) sharing a common resource described by the density matrix ρ AB could rely on the correlations of the outcomes for the simultaneous positive operator-valued measure (POVM) of HD. Within each subsystem the set of POVM elements are designated aŝ
where the quadratures |X λ A(B) are eigenstates of the operator (1) [44] and are given by |X λ A(B) = π
The measurement operations are described as follows: Alice measures with her quadrature operatorΠ A (λ A ) in the shared ρ AB and obtains the outcome for X λA with probability P A (X λA ) = 
And the joint probability of obtaining both X λA and X λB is obtained as
Further knowledge on conditional and simulateneous measurements can be gained in QIP textbooks like the one of Audretsch [45] . By using this simple JQP distribution we want to gain knowledge of the no classical behavior of the pure channel under study by means of HD that can be useful for experimental verification. This is so, because one can describe the density matrix of the system in the homodyne basis (that will be described below), which captures the continuous nature of the optical fields. This also, facilitates the expression of the projected system as a statistical mixture of the simultaneous HD outcomes that will be useful for homodyne MID calculations. This process is also useful to select specific LO phasesλ A , λ B that maximize the obtainable correlations between the two parties of the system.
Measurement induced disturbance
The measurement induced disturbance (MID) in quantum systems can be used to quantify their quantum correlations as proposed by Luo [46] , which is based on the idea that measurements do not disturb a classical system, but only one with some degree of inherent quantumness. We start with the mutual information I(ρ AB ) that accounts for all kind of correlations in a given system ρ AB and is determined as
where S is the Von Neumann entropy in the form
, which we name entropy alone without distinction in the rest of the paper. For bipartite systems, when I(ρ AB ) > 0, measuring a subsystem alone can give information on the other. The density matrix of a given system after a non-selective measurement can be expanded as ρ
form a complete set of POVM elements of the measurement, and
is a classical state in the sense that it is described as a statistical mixture of the possible outcomes of a set of measurements in both subsystems with its correspondent probability. Therefore its mutual information I(ρ AB Π ) will give the classical correlations for that POVMs. The difference between mutual informations of the system before and after measurement will give the MID expressed as
MID will be zero only if the system can initially be expressed into the spectral decomposition of the POVMs used, i.e., if it only has classical correlations. The optimized version of the MID, the Ameliorated MID (AMID) is:
where the minimum is taken over all possible measurements. In this proposal, we are interested in studying the effects on non-classicality by homodyne measurements. If a non selective quadrature measurement is made on a subsystem (of a bipartite system), it drives the other one into a statistical mixture of infinite possible quadratures related to each possible phase angle of the local oscillator (LO). If both subsystems quadratures are simultaneously measured the full system is a statistical mixture of possible eigenstates of quadrature. A plausible method to study a channel with these characteristics is a quadrature MID approach, with a complete set of quadrature eigenprojectors, as they can be implemented by homodyne detections easily on practice [48, 49] . In addition, quadrature MID will also show how to select specific phase angles λ A(B) of the LO that maximize the classical correlations between Alice and Bob for HD and characterize the non-classical correlations.
To apply the MID formalism in the quadrature setting, the full density matrix of the system is initially expanded in the quadrature eigenbasis as
MID considers simultaneous measurement, therefore, the density matrix of the quadrature non-selective simultaneous measured system is
where,
) is the joint probability of the detection of a pair of quadratures {X λA , X λB } as in (3), for a given λ A and λ B . The notation of P AB has been used to emphasize the dependency with λ A and λ B . Integrating over all the possible outcomes, the projected state is obtained.
The mutual information of the system before measure I(ρ AB ) is simply twice the entropy of entanglement, for this particular case considered as a pure system. This part is carried out in the original basis as it is simpler than in the quadrature basis. Also to obtain (5) and (6) 
For the remaining terms it is reduced to,
where the partial traces are changed for marginal integrals. The mutual information for the projected system can now be obtained as
An important point for this quadrature MID and AMID approach is that in this work it is only used with pure states, as our intention at this stage is just to know whether there exist quantum correlations in the states by means of a JQP distribution that could be acquired in an experiment. A more exact quantification of these correlations when loss mechanisms are involved will be carried out by means of quantum discord in the following section.
Quantum discord
When a bipartite state is used to establish a realistic quantum communication channel, it undergoes through different types of loss. The different loss mechanisms induced by the medium in which the channel travels generate a statistical mixture related to the loss degrees of freedom and all the possible ways in which the loss could occur. Unlike pure states, entropy of entanglement is not adequate to characterize the non-classical behavior of the mixed states. In this context, QD quantitatively characterizes the quantum correlations even in the presence of mixing processes.
The idea of non-classicality as a measure related to mutual quantum information started with the seminal works of Ollivier and Zurek [50] and Henderson and Vedral [51] and among the different proposals to quantify this non-clasicality, QD is the most used [52] . Lets assume subsystem B, with reduded density matrix ρ B is measured with a positive operator-valued measure (POVM) and we want to gain information on the subsystem A, with reduced density matrix ρ
. The entropy of the full system S(ρ AB ) corresponds to the amount of information of the system before any measurement. The POVM acting on ρ B has positive elements {Π resulting from a non-selective measure on subsystem B with its corresponding POVM elements, which is stated with the argument (A|B). Given that the amount of information of a subsystem is related to its entropy, the difference S(ρ A ) − S(ρ A Π B ) is related to the amount of information gained by the measurement process, and the maximal of this difference is the classical correlation present in the system,
Therefore with the aid of (4), QD is defined as the subtraction of the mutual information (all kinds of correlations) from the full classical accessible correlation and is given as
where D B (ρ AB ) is the QD when measurements are carried on B subsystem. QD can be seen as measurement of the quantum correlation present in the state ρ AB . QD is the property that we use to characterize the non-classical correlations of the channel when noise effects are included quantitatively.
Model
We are interested in the family of the photon added entangled states of the form
where N is a normalization constant, the subscripts represent a subsystem, with the photon creation operatorsâ † andb † acting on the corresponding subsystem. We assume the equivalences |α a |α b ≡ |α |α ≡ |α, α ≡ |α ⊗|α . The application of a creation operator over a coherent state [29] produces the state
The states in (14) can be generated through a general beam splitter (BS) operator [53] ,B
with their inputs either |α 0 ⊗|1 or |α 0 , 1 ⊗|0 . Here, we restrict to a common BS with no phase on transmitted beams and a π phase on the reflected ones (φ t = 0, φ ρ = π), and θ = π/4, which represents a 50/50 BS and assume no other phase differences on output beams. For the negative superposition, the output of the BS is determined by |ψ dp =B(θ = π/4) |1 |α before loss and measurement. Equation (14) is reduced to |ψ dp = 1
where α = α 0 / √ 2, the state is normalized and dp stands for displaced photons channel(DPC).
In the positive superposition, the output of the BS will be |ψ pa =B(θ = π/4) |α, 1 ⊗ |0 . The state (14) then reduces to
where N = 1/ pa ψ| ψ pa = 1/ 1 + 2|α| 2 is the normalization constant,
The subscript pa stands for photon added and designates the input state |α, 1 to the BS in Fig. 1(b) that gives origin to (18) . We call this a photon added channel (PAC). Equivalently (14) can be rewritten in the orthogonal basis, Specifically, for the dp (17) state, it is reduced to
and becomes the state proposed in [33] . On the other hand, for the state pa (18) , the generated state is
it is easy to see that the term
plays the role of entanglement loss compared to the single photons entangled state that occurs at α 0 = 0.
Bipartite states |ψ pd and |ψ pa , form a shared resource channel between Alice and Bob, identified by its pure density matrix, ρ AB dp(pa) = |ψ dp(pa) (pa)dp ψ| .
The generation schemes for the pure states to be analyzed are outlined in Fig. 1 . In 1(a) a coherent state |α 0 and a fock state |1 are mixed in a 50/50 BS which creates ρ AB pd , and in 1(b) a SPACSâ † |α is mixed with the vacuum |0 and creates ρ AB pa . Both figures include a homodyne detection process as a first approach to analyze correlations of the bipartite channel created by the BS. This proposed homodyne measurement is intended for evaluating only the pure channel correlation without any source of loss by means of quadrature distribution. These measurements can be considered as a signature of non-classicality measured by the POVM (2). The joint probability of the quadratures X λA and X λB , when a homodyne detection is done with phases λ A and λ B respectively, and is calculated using (3) with the measurement scheme shown in Fig. 1 . MID will also be used to characterize the correlation present in the pure entangled channel.
In Fig. 2 , we present a simple strategy to use the bipartite channel to exploit its correlations between two distant parties, where loss mechanisms have been Fig. 2 (a)-(b) . It is considered that Bob creates the resource state and keeps his side to perform some measurements and sends the other part to Alice remotely located, and Alice wants to gain information on the measurement performed by Bob. A displacementD(−α) prior to Bob measure has been included, whose purpose is that Bob obtains his state in the standard qubit basis, instead of a continuous state. Displacement is the unitary operatorD(α) = e αâ † − e α * â , such that if it acts on the vacuum creates a coherent stateD(α) |0 = |α .
By consideringâ the input mode andĉ the vacuum input, transmittance is parameterized as η = cos 2 θ ′ , where θ ′ = arccos( √ η) with φ t = 0 and φ ρ = π. The scattering transform the pure state (22) 
represent the output modes of the BS [54, 55, 33] . This transforms the state (14) into a tripartite state
The density matrix of this system, including loss, is ρ AB,loss pd(pa) (η) = |ψ(η) pd(pa) (pa)pd ψ(η)|. The final effective state subjected to the scattering results after a sum over the loss modes (ĉ ′ modes) produces the mixed state,
which can be rewritten as the mixture
This emerges becauseĉ ′ modes can be either
where the states are
the sign " − ", " + " corresponds to pd and pa respectively, where the probabilities are
The probabilities have been written for both pd(pa) cases, just note that N = 1 for the pd case.
Considering a free space channel, unavoidable refractive index fluctuations will induce arbitrary phase changes. These fluctuations will be modeled as an ensemble with a Gaussian probability distribution over the phase. The arm sent to Alice is assumed to acquire the phase difference φ with respect to Bob's arm and is included by the action of the relative phase shifting operator U (φ) = e iφâ †â acting overâ mode as ρ = dφp(φ)Û (φ)ρ ABÛ † (φ). However, the phase fluctuations will be added to the channel already subjected to scattering, leading to the form,
where ρ AB pd(pa) (η) was defined through (24)- (25), p(φ) is a normalized Gaussian distribution with variance of phase σ centered at zero. The combined effect of the phase and scattering noise is given bŷ
where each density matrix in the mixture is as follows,
with the same p 1 and p 2 as in (24).
Results

Homodyne Conditional Measurements.
Joint Quadrature Probability (JQP) distribution (3) is not just a analytical calculation, but an easily accessible experimental measure as well. JPQ, Eq. (3) for DPC and PAC are obtained as,
where
From (29) it is clear that JQP for both cases is a Gaussian function in the two variables X λA and X λB times a polynomial function of the quadratures. The Gaussian functions are not centered at the origin; instead, their center positions depend on the phase values λ A (λ B ) and the value of α 0 of the coherent state. Also, the quadrature correlation is contained in the term a 2 . JQP for the pure state ρ AB pd , Eq. (29) , is shown in Fig. 3 for two configurations of the local oscillator phases and two combinations of the average photon numbers. In Fig. 3(a) and (b) the detectors are set to phase λ A = 0 and λ B = 0 with photon number n 0 = 0 and n 0 = 81, respectively. The Fig. 3(c) and (d) is for the cases λ A = π/2 and λ B = 0 with n 0 = 0 and n 0 = 81, as well. Its easily seen that quadrature correlations remain unchanged for different n 0 . One can note that quadratures exhibit a highly correlated behavior, since for (a) and (b) the values for X λA and X λB are correlated in the illuminated regions, while in (c) and (d) for a given value of X λA a set of values of X λB is more likely to be found in the ring symmetry shown. The JQP behavior for ρ AB pd is independent of the average photon number.
JQP distribution is also calculated for the pa pure state ρ AB pa (29) and is shown in Fig. 4 with same configuration of the phase detectors but with the average photon numbers as n 0 = 0 in (a) and (c), and n 0 = 1, in (b) and (d). The behaviour shown Fig. 4(a) and (c) exhibit a similar correlated behavior as for the ρ AB pa simply because if n 0 = 0 the state is virtually the same up to a sign in the superposition, what becomes evident in the π/2 rotated correlation shown in 4(a) when compared to Fig. 3(a) . It is easily seen that as the average photon number increases, quadrature correlations drop rapidly as shown in 3(b) and (d) even for the low value n 0 = 1, where the density plots show low correlation between the values of X λA and X λB . No further average photon 
numbers were considered for this case because the JQP gets rounded quickly, which is a signature of separable and uncorrelated states.
By analyzing the JQP we can then have a simple approach to know and test if a bipartite state has some degree of correlation. Therefore, the finding of some correlations for a pair of homodyne detection phases λ A,B , is a starting point to study of the quantum correlations of the state.
MID for the pure channel.
We now analyze the pure channel properties with the evaluation of the MID (5) by using (9)-(10) in the entropy calculation as a first approach to understand how correlations behave for different phases of the quadrature detections. Even when the MID calculation is carried out on the pure channel, it has interesting implications since it can easily show how to obtain maximum correlations for the selected measurement strategy. It shows the relationship and values between the homodyne phases λ A and λ B that accomplishes this. The entropies can be obtained from a subsystem as S(ρ A pd(pa) ) = −ρ A pd(pa) log ρ A pd(pa) , and gives, S(ρ
that will be used for the MID and AMID calculations. Results for MID calculation for both channels are shown in Fig. 5 . In Fig. 5(a) we present the MID for the state ρ dp valid for all n 0 , whereas in In an attempt to find an AMID analytical expression for the pure case, the behavior of A(ρ AB ) is analyzed, which will be minimum when S(ρ A ) + S(ρ B ) is maximum and S(ρ AB ) is minimum. Maxima and minima of the phase dependent entropies are obtained by inspection of the MID numerical behavior shown in Fig. 5 where AMID can be identified with the black values, as they represent the minimum of the MID. This graphical analysis for the minimization is followed instead of gradient analysis because of the lengthy nature of the expressions, and that the simple selection of λ A = λ B = 0 works for both studied cases giving the minimum of MID. The AMID for the ρ pa case as a function of n 0 and can be fitted to the following function 
Quantum Discord: quantitative correlations
Loss by scattering
In this section, the effect on quantum and classical correlations is studied quantitatively for both cases, where we now include a scattering source of loss as in (24a) by means of determination of the Quantum Discord from B to A. To accomplish this, we follow, equation (26) that describes the bipartite noise dependent channel. QD from B to A requires to account for the effect of measuring B with a complete set of POVM elements. Given the hybrid nature of the channel, the projective measure is chosen by a POVM with operatorŝ
where |i M BB i M | are the standard 1-qubit POVM elements, with |0 M = cos(θ M /2) |0 + e iφM sin θ M /2, and |1 M = sin(θ M /2) |0 − e iφ cos(θ M /2) |0 . This process can be achieved by first displacingD(−α) and then measuring with the standard qubit POVM elements as shown in the figure 2. The displacement can be easily accomplished in a laboratory as shown by M.G.A. Paris [56] . Following this, its guaranteed that Bob's subsystem is fully measured and the quantum discord calculation is feasible in this continuous model. Superposition of DFS: DPC. First, the QD for the state ρ AB dp is analyzed, following (13) . To do this, the state is projected by (32) which creates entropy expressions that depend on α 0 , η, θ M , φ M , where α 0 is the amplitude of the CS used to create the superpositions under study and η is the scattering effect of the channel as depicted in Fig.2 , θ M and φ M are the projection angles of the measurements (32) . To obtain a closed analytical expression for the QD dependent on (α 0 , η, θ M , φ M ) is a complex task. As S(ρ B ) − S(ρ AB ) is only η dependent, we focus on the term min 
One can note the limits D B (ρ AB dp ) → 0 when η → 0 because zero transmissivity avoids the generation of any bipartite state, and D B (ρ AB dp ) → 1 when η → 1 because the initial state is pure and maximally entangled. Alice, who presumably is located far away from Bob, wants to gain information on the QD of the channel they share, and given the continuos variable and mixed nature of the state received, a local homodyne detection is a viable option. The variance of quadrature on her side ∆X 2 λA = X 2 λA − X λA 2 is an easily accessible measure, with the average value of the quadrature given by X λA = Tr(X λA ρ A ). Without loss of generality, we assume α 0 real, which produces ∆X 
where d dp 1 = 4∆X 4 λA − 6∆X 2 λA + 3 and d dp
λA . This is a key result and contribution of this work, as it relates QD of a maximally entangled channel subjected to loss by scattering as a function of the quadrature ∆X λA , an observable of one subsystem.
The expressions in (33) and (34) are analytical expressions for QD for the DPC channel. It is important to note that, given the independence with respect to the average photon number n 0 of this particular channel, it also represents QD for a channel formed by the Bell state |ψ − = (1/ √ 2)(|01 − |10 ) with scattering noise. Therefore (34) relates an observable to that degree of quantum correlation, which to our knowledge has not been obtained before.
Superposition of SPACs: PAC. The amount of achievable information by a measure of QD for the initial shared state ρ AB pa is outlined in a similar way as was done for the state ρ AB dp . As the matrix of the mixed state contains more terms, and is no longer self normalized (i.e., N = 1/(1 + |α 0 | 2 )), it is more difficult than before to obtain a closed expression for the conditional entropy S(ρ 
}, and
}. As in the previous case, the minimal conditional entropy occurs when both possible projections have the same eigenvalues λ
The QD expression depends on α 0 and η and can be constructed straightforward by (13) . However, the expression is too lengthy to gain any insight from it. Instead of using the exact expression, we look for a simplified polynomial fitting, that allows us to have an easier understanding of the QD behavior for the photon added case. We use the form, . This fitting allows us to see the dominant correlations between the parameter α 0 and η that contribute to QD. It can be seen that for low α 0 , η dominates; on the contrary, for large α 0 the low coefficients accompanying the higher powers of α 0 become significant, i.e., for α 0 = 0 we can expect the same behavior as in DPC case, but as long as the average photon number n 0 = |α 0 | 2 increases, the QD decreases.
Following the same procedure as before, Alice performs a large set of homodyne measurements on her subsystem trying to realize whether she can gain some information on the shared channel correlation by the quadrature variance. One can easily show that the variance squared is ∆X Only the red line corresponds to DPC, and in black lines is shown the effect on PAC for different values of photon number n 0 . The red line is valid for DPC and for all values of the average photon number n 0 when only scattering is taken into account. If one knows with certainty that the channel is DPC and that is only subjected to scattering, then the quadrature variance allows one to obtain the amount of QD and even the loss of the channel. Black lines show that for PAC, as one increases n 0 the slope of ∆X 2 λA vs. η decreases, which is related to the amount of QD of the system. When n 0 = 0, D B (ρ AB pa ) coincides with D B (ρ AB dp ) but decreases as n 0 increases, along with the range of ∆X 2 λA=π/2(pa) which also decreases. It is clear from the figure, that a measure of the variance can serve as a lower bound of QD even without the knowledge of n 0 . Additionally, as the QD is related to n 0 and η, the knowledge of n 0 can allow to infer the scattering of the channel, this is clear by the dependence of (35) and X 2 λA(pa) with α 0 and η.
Additionally, from Fig.7 (a) the value of QD for η = 0 can be obtained for both PAC and DPC, which is expected to be equivalent to entropy of entanglement as it is a pure state. The QD values for the extremal right top points of each line in Fig.7 that correspond to the PAC case with n 0 = {0, 1, 4, 10} as in Fig.7(a) . Evidently, for DPC D B (ρ AB ) = 1 independent of n 0 . These values of QD are shown in Fig. 8 , in the figure the QD for η = 1 vs n 0 is plotted for DPC in solid line and for PAC in dashed line. From this figure we see that this behavior recovers the entropy of entanglement of each of the states that was shown in Fig. 6 , where also the AMID has the same qualitative behavior as QD. QD for DPC is independent of n 0 in the ideal channel, and QD for PAC is highly dependent of n 0 as expected from entropy and AMID.
Loss by scattering and phase noise.
Phase noise is added to the channel in order to complement the treatment of sources of loss, given the common nature of fluctuations in optical paths in any experiment. The channel considering both loss mechanisms is named ρ pd(pa) (η, φ), as in (26) . Unfortunately, the displacement with phase forbids the selection of an orthogonal basis as before. Instead, the QD is numerically analyzed by expanding (26) in the number basis, which can be easily accomplished in the standard manner ρ = i,j,k,l |ij ij| ρ(η, φ) |kl kl|.
Following the same approach as in the previous section, QD is calculated evaluating (13) . Given the truncated expansion of the infinite matrices, the optimal angles are also numerically re-evaluated for each calculated point. The accuracy of QD obtained in the limit σ → 0 proves to be equal as in previous calculations.
Displaced Photons Channel: DPC. The new optimal measurement angles are θ * M and φ * M are no longer fixed, but sigma dependent, thereby they were found each time the QD was evaluated for any configuration of (η, σ). Also the quadrature variance with phase (QVP) fluctuation is obtained and is given by ∆X 2 λA(dp) (λ A , σ) = with σ in rads. QD as a function of the phase variance σ is shown in Fig. 9 for different values of scattering η and average photon numbers n 0 . From Fig. 9 (a) to (d) , the scattering takes the values η = [0.7, 1.0] in steps of 0.1, additionally each panel shows three different average photon numbers n 0 for the initial state. Circle marks represent calculated points and the lines are interpolations. The solid black line corresponds to n 0 = 0 which is equivalent to a traditional entangled channel of single photons of the form |01 + |10 subjected to both loss mechanisms, the dashed blue and dotted red lines correspond to n 0 = 4 and n 0 = 16 photons respectively. The maximum value of obtainable QD is governed by the amount of scattering and is found for σ = 0. This shows how QD for σ = 0 increases up to its maximal attainable value of D B (ρ AB pd(pa) ) = 1 from (a) to (d). Two interesting facts arise from these plots: first, the maximum QD belongs to the common σ = 0 independent of n 0 ; second, even when QD drops more rapidly for higher n 0 values for low values of σ, the channel QD, independently of photon number, becomes resistant to phase fluctuations when σ is large, as it tends to an asymptotic behavior higher than the QD of the channel compound only by the superposition of Fock states (n 0 = 0). In other words, when the hybrid continuous channel ρ pd is employed, a lower degradation of quantum correlations is experienced in a high phase fluctuating environment. All figures show similar qualitative behavior, where their differences rely on the maximum amount of QD that can be reached. For values of σ greater than zero, QD becomes also dependent of n 0 , as shown by the separation of the lines for n 0 = 4 and n 0 = 16 from the one for n 0 = 0 in the four figures 9(a)-(d).
as a function of σ for fixed values of η is shown in Fig. 10 . The quadratures were calculated by (36) . Fig. 10 
is not single-defined, but η and n 0 dependent. However, the behavior of two parameters can be inferred from the other two. If the characteristics of the channel are known (η, n 0 ), then the phase variance σ can be obtained by the behavior of QVP, as seen in (36) .
Parameterized values of ∆X when σ increases is exhibited with the extension of the lines to the right, this occurs only for values of n 0 > 0. From both subplots the higher ∆X 2 λA the higher σ is for a given η (which could be easily determined) and therefore QD could be estimated as before.
Photon Added Channel. As in previous case, optimal measurement angles for QD were determined for every combination (n 0 , η, σ) of parameters analyzed. QVP at Alice's side is obtained as
where w pa = ηe Fig. 13 . The quadratures were calculated by (37) . Fig. 13 (a)-(b) for λ A = 0, and Fig. 13 (c)-(d) for λ A = π/2, with η = {0.8, 1.0}. Solid black line corresponds to n 0 = 0, dashed blue and dotted-dashed black lines correspond to n 0 = 4 and n 0 = 16 respectively. As in previous case, the plots show that for a given value of σ, ∆X Fig. 12 and 13 for λ A = {0, π/2} shown in Fig. 14(a) and (b) respectively. The plots are calculated for η = {0.8, 0.9, 1.0} and different values of n 0 . The average photon number goes from n 0 = 0 in the insets to n 0 = 4 in dashed blue lines and n 0 = 16 in black dashed-dotted lines. Same behavior is obtained as in DPC for n 0 = 0 with the continuous red quasivertical lines where QD decreases as σ grows, while all n 0 > 0 scenarios have almost zero discord. A QVP measure for the PAC result of low practical use to infer any characteristic correlation of the channel under this configuration as can be seen by the long almost horizontal lines (dashed blue and dotted black) for both figures. This indicates that for PAC is hard to set apart different amounts of QD for any given QVP, mainly because QD decays to values close to zero rapidly.
Conclusions
In this work we have characterized two bipartite states formed by linear combination of SPACS and DFS as possible models for communication channels, DPC and PAC respectively, subjected to scattering and phase noise as loss mechanisms. In the estimation of quantum correlations of the channel we started by JQP distributions, where this estimator gave information about the correlations of the channel that could be exploited in a QCP. Quadrature MID characterization of the pure channel served as a confirmation of applicability of quadrature measurements as an entropy estimator since quadratures are easily acquired experimentally. The quantum discord was used as a more quantitative estimator and was calculated for both channels for different combinations of (n 0 , η, σ), and the dependency of QD as a function QVP was explored as a means to determine the channel correlation with a local measurement. It was found that QD for DPC exhibits more robustness to high phase fluctuations when n 0 > 0, because the minimum QD obtainable with an increasing σ increases compared to the case n 0 = 0; this is not valid for PAC where any increase in n 0 > 0 drops the QD to a value close to zero. The response of QD vs QVP was also obtained as a parametrization of QD with ∆X 2 λA , where QVP serves to characterize QD for DPC but not for PAC. In summary, we have presented a study of the non-classical properties of a bipartite channel that could be useful in a future work applied to a quantum communication protocol.
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A MID calculation details
All details of MID calculation shown in Section 3.2 are addressed in this section, as long as the expressions used to obtain AMID. To obtain (5) and (6) we need mutual information for the pure system and for the projected one. Pure system entropy is easily computed with the Von Neumann formula in the traditional form as in (30) . And for the entropies of the quadrature projected versions equations (10) and (9) are used. One may note that these are CV entropies and therefore are not invariant to change of basis [57] , for this reason the entropies in the quadrature basis are not the same as in the number basis. The λ-dependent entropies are shown for DPC and PAC cases respectively. For any reduced subsystem of the DPC case is constant with the value S(ρ A(B) pd )(λ A(B) ) ≈ 2.00208, (38) while the entropy for the complete DPC system is 
On the other hand, both entropies for PAC are λ-dependent, as shown in the entropy for the reduced subsystems 
The expression for (38) has not been included explicitly, but only its approximate value ∀{α 0 , λ A , λ B }.
MID is evaluated using (5) through previous expressions from (38) to (41) and is plotted in Fig. 5 from where one can select the angles that maximize MID. By following this inspection, a set of angles for λ A and λ B are selected to simplify λ-dependent entropy expressions. MID has minimum for the DPC case when λ A = λ B , i.e., one minimum for the complete DPC case is obtained as, 
while one of the minimal entropy points for complete PAC system is obtained as 
